This paper presents the calibration of Eringen's small length scale coefficient e 0 for elastically restrained beams (in the context of buckling and axially loaded vibration) on the basis of an interesting connection between a discrete beam model (DBM) and the Eringen's nonlocal beam model (ENBM). The DBM is formulated from the use of the central finite difference method which has been shown to be equivalent to the Hencky bar-chain model. By solving the discrete beam formulation using the theory of linear difference equations and matching the buckling loads and natural frequencies of the DBM with those of the ENBM, the small length scale coefficient e 0 may be calibrated for buckling and vibration beam problems. It is found that by applying the traditional nonlocal continuous boundary conditions, e 0 varies with respect to the boundary conditions. However, 0 = 1/ √ 6 for purely free vibration problems while 0 = 1/ √ 12 for buckling problems, irrespective of the boundary conditions, when the continualized discrete boundary conditions are applied. For both traditional continuous and continualized discrete boundary conditions, the value of e 0 is found to be dependent on the axial load.
Introduction
Eringen's theory of nonlocal continuum mechanics allows for the effect of small length scale which becomes significant when dealing with micro/nanostructures [1] [2] [3] . In contrast to the local theory that assumes the stress at a point is only dependent on the strain at that point, the nonlocal theory assumes that the stress state at a point involves weighted contributions of strain tensors of all the points in the body [4] . For an elastic material in a one-dimensional case, Eringen's nonlocal constitutive relation may be simplified to [5] 
where σ is the normal stress, ε the normal strain, E Young's modulus, l c the small length scale parameter, e 0 the small length scale coefficient and a the internal characteristic length which may be taken as the bond length between two atoms. If e 0 is set to zero, eq. 1 reduces to the conventional Hooke's law.
The problem in using Eringen's nonlocal beam theory lies in the value of the small length scale coefficient e 0 that is to be adopted for a selected internal characteristic length. More recently, Challamel et al. [6] [7] [8] and Wang et al. [9] proposed a method for calibrating e 0 by linking the microstructured beam model (or Hencky bar-chain model [10] ) with the Eringen's nonlocal beam model (ENBM). The microstructured beam model is composed of finite rigid beam segments of equal length a, connected by frictionless hinges with elastic rotational springs of equal spring stiffness C = EI/a where EI is the flexural rigidity of the beam. The connection between the microstructured beam model and the ENBM lies in the condition that the rigid segmental length a of the former model should be equal to the internal characteristic length a of the latter model. Based on this
Problem definition
Consider a nonlocal Euler beam of length L, density ρ, cross-sectional area A, mass M = ρAL, small length scale coefficient e 0 , internal characteristic length a, moment of inertia I, Young's modulus E and subjected to an axial compressive load P. The beam ends are elastically restrained with rotational springs and lateral springs as shown in Figure 1 . The stiffnesses of the rotational spring and the lateral spring are K RA and K LA , respectively for the left end of the beam, while the corresponding stiffnesses for the right end are K RB and K LB . The problem at hand is to determine the small length scale coefficient e 0 with various spring stiffnesses for buckling and vibration problems based on Eringen's nonlocal elasticity theory. 
Local Euler beam model
We first begin by writing the governing equation and boundary conditions of a local Euler beam of length L, density ρ, cross-sectional area A, mass M = ρAL, moment of inertia I, Young's modulus E and is subjected to an axial compressive load P with ends elastically restrained as shown in Figure 2 . The stiffnesses of the rotational springs are K RA and K RB , which are the same as the nonlocal Euler beam model, while the corresponding stiffnesses of the lateral springs are K LA and K LB . The governing equation for the vibration problem of an Euler beam under an axial compressive load P (see Figure 2 ) is given by [18] 
where w is the transverse displacement, x the longitudinal coordinate with its origin at end A of the beam, and ω the angular vibration frequency of the beam.
The boundary conditions for the two elastically restrained ends are given by [19] 
where a zero value of K R implies a free rotation at the end whereas an infinite value of K R implies no rotation at the end. A zero value of K L implies a free vertical translation at the end and an infinite value of K L implies no vertical translation at the end.
Discrete beam model (DBM)
We shall use the central finite difference method to solve the fourth order differential eq. 2 subjected to the boundary conditions (3) . In this classical method, the beam is discretized and one ends up with solving a set of algebraic equations instead of a differential equation.
The central finite difference beam model with n+1 nodes (see Figure 3 ) is established by discretizing the governing equation and boundary conditions of the local Euler beam. Based on the central finite difference method, the discrete governing equation for vibrating beam under an axial compressive load is given by [20] 
where w j is the transverse displacement at node j and a is the nodal spacing. When n = L/a approaches to infinity or the nodal spacing a approaches to zero, the DBM approaches the local Euler beam model.
The discrete boundary conditions for the two elastically restrained ends are given by [17] 
For a detailed description of the finite difference method for solving eigenvalue problems, see papers by Wang et al. [17] , Wang [21] , Seide [22] , Elishakoff, Santoro [23] and Santoro, Elishakoff [24] .
Interestingly, Silverman [25] and Leckie, Lindberg [26] pointed out that the central finite difference beam model [27] (see Figure 3 ) is equivalent to the Hencky bar-chain model (see Figure 4) if one sets the nodal spacing of the former model equal to the segmental length of the later model and the internal rotational spring constant C equal to EI/a. Note that the formula C = EI/a can be readily obtained from the moment-curvature relation. For elastically restrained ends, Wang et al. [17] showed that the finite difference beam model and Hencky bar-chain model are equivalent discrete systems provided that
Therefore, Hencky bar-chain model may be regarded as the physical model for the first order central finite difference method and these two aforementioned beam models may be referred to as the DBM.
Exact buckling and vibration solutions for DBM
According to the method generally detailed by Goldberg [28] for linear difference equations, which has already been applied to solve beam buckling problem by Seide [22] and vibration problem by Leckie, Lindberg [26] , the linear difference eq. 7 can be exactly solved by assuming that the displacement at point j of the discrete system is written as
where B is a constant and f is a general function. The substitution of eq. 16 into the discrete governing eq. 7 for the DBM yields
where
By solving eq. 17, one obtains
where = 2 and Ω = √
4
.Then, we have
In view of eq. 10, we shall let
Therefore, eqs. 19 and 20 may be simply written as
In view of eqs. 23, 24 and 16, the general solution for can be represented as
where A 1 , A 2 , A 3 and A 4 are constants which can be solved by using the boundary conditions. By substituting the general solution given by eq. 25 into the boundary conditions eqs 8, 9, 10 and 11, one obtains
The vibration frequencies can be obtained by setting the determinant of the coefficient matrix in eq. 26 to zero and then solving the characteristic equation for the eigenvalues.
For the special case of buckling problem of an elastically restrained beam, the vibration frequency ω is set to be zero in eq. 7. As a result, eqs. 11 and 12 become, respectively,
Therefore, the general solution for can be represented as
By substituting the general solution (18) into the boundary conditions (5a), (5b), (5c) and (5d), one obtains
The buckling load can be obtained by setting the determinant of the coefficient matrix in (19) to zero and then solving the characteristic equation for the lowest positive root.
Eringen's Nonlocal Beam Model (ENBM) 6..1 Vibration of beams under an axial compressive load
The governing equation for the vibration problem of an ENBM under an axial compressive load P (see Figure  1 ) is given by [4] ( − 2 )
where w is the transverse displacement, x the longitudinal coordinate with its origin at end A of the beam, ω the angular vibration frequency of the beam, l c (=e 0 a) the small length scale parameter, e 0 the small length scale coefficient and a the internal characteristic length.
The general solution is given by [19] = 1 cosh
where C 1 , C 2 , C 3 , C 4 are constants and
with = .
The boundary conditions for nonlocal beam with elastically restrained ends are given by [4, 19] ( − 2 ) [
By substituting the general solution given by (22) into the four boundary conditions (24), we obtain four homogeneous equations which may be expressed as
By setting the determinant of the above coefficient matrix to zero and solving the characteristic equation, one obtains the natural frequencies of the nonlocal Euler beam with ends having rotational springs K ra , K rb and lateral springs K la , K lb .
6..2 Buckling of beams under an axial compressive load
For the special case of buckling of an ENBM under an axial compressive load P (see Figure 1 ), the angular vibration frequency ω in eq. 45 is set to be zero and the governing equation simplifies to
Since the general solution for displacement parameter in eq. 46 leads to computational instability when determining the buckling load of the nonlocal beam, we instead adopt the following general solution [29] 
The four constants C i (i = 1, 2, 3, 4) can be evaluated by the two boundary conditions at each end of the beam.
From eq. 63, the axial load parameter α can be written as
thus, α N can be expressed in terms of α as
At the two elastically restrained ends, the boundary conditions for buckling ENBM are given by [15] ( − 2 ) [
By substituting the general solution (28) into these four boundary conditions (31), we obtain four homogeneous equations which may be expressed as
By setting the determinant of the foregoing coefficient matrix to zero and solving the resulting characteristic equation, one obtains the buckling load of the nonlocal Euler beam with ends having rotational spring constants K ra , K rb and lateral spring constants K la , K lb .
Calibration of Eringen's small length scale coe昀ficient e 0
Challamel et al. [6] [7] [8] argued that the small length scale coefficient e 0 of ENBM may be calibrated by using the microstructured beam model (or the DBM). The reason is that the DBM shows similar characteristics to ENBM in the following respects:
-Both have stresses/deflections as functions of strain/deflections of neighbouring points.
-Both yield lower bound solutions to the solution for the local continuum beam model.
-Both have the same mathematical forms of continualized governing equations [ 17] .
To calibrate Eringen's small length scale coefficient e 0 , we match the buckling load and fundamental frequency of the DBM with those of ENBM as well as setting the internal characteristic length a of the two models to be the same. There are, however, basically two approaches for the matching exercise depending on either making e 0 a constant or allowing it to vary. These two approaches will be designated as:
-Approach 1 -allow e 0 to vary; -Approach 2 -keep e 0 constant and use the discrete system as the reference system with modified boundary conditions in the continualized discrete form (see eq. 36).
7..1 Approach 1 -allow e 0 to vary
Consider using the governing eq. 7, boundary conditions (5) for the DBM and the governing eq. 45, boundary conditions (24) for the ENBM. In order to match the buckling loads and fundamental frequencies between the DBM and the ENBM, we have to allow e 0 to vary. Below we show the calibration of e 0 for some beam problems using Approach 1.
7..1.1 Buckling of beam with one end clamped and the other elastically restrained
Consider the buckling problem of a beam that is clamped at the left end (i. e., K RA = K LA = ∞) and elastically restrained (i. e., with a rotational spring K RB and a lateral spring K LB ) at the right end as shown in Figure 5 . By solving eq. 40, one obtains the dimensionless buckling load parameter α cr = P cr L 2 /EI of the DBM. In Figure 6 , we present sample results for the case when n = 100 for various rotational spring stiffnesses K rb and lateral spring stiffnesses K lb at the right end. It can be seen that the buckling load parameter varies with respect to the rotational and lateral spring stiffnesses. When K rb = 10 -3 and K lb = 10 -3 , we approach the case of a cantilever beam since the right end is nearly free. When K rb = 10 4 and K lb = 10 4 , we approach the case of a clamped-clamped beam since the right end is almost fully clamped. Moreover, K rb = 10 -3 , K lb = 10 4 represents clamped-pinned case and K rb = 10 4 , K lb = 10 -3 represents clamped-sliding case. To calibrate Eringen's small length scale coefficient e 0 , we shall match the buckling load obtained by solving eq. 40 of the DBM with that obtained by solving eq. 70 of ENBM. Table 1 presents some sample values of Eringen's small length scale coefficient e 0 as calibrated from this Approach 1 for the buckling problem of ENBM considered. It is worth noting that the end stiffnesses K rb = 2, K lb =10 -3 lead to a maximum value of e 0 = 0.419 whereas K rb = 10 4 , K lb = 13 lead to a minimum value of e 0 = 0.154 as shown in Table 1 . Since the variation of e 0 depends on the end spring stiffnesses K rb and K lb , the graphical relationship between e 0 and K rb , K lb is shown in Figure 7 . It can be seen that if one adopts Approach 1, e 0 varies from 0.154 to 0.419 for the buckling problem of clamped-elastically-restrained ENBM depending on the spring stiffnesses. This result contradicts the value of e 0 found by Challamel et al. [8] , which showed that 0 = 1/ √ 12 ≈ 0.289, irrespective of boundary conditions. So Approach 1 is not recommended for the calibration of e 0 . Figure 8 shows how well the buckling load parameters of the DBM match with those of the corresponding ENBM having the e 0 values shown in the figures. It can also be seen that the buckling load parameter increases monotonically with respect to the number of segments n and approaches to the buckling load value of the local Euler beam asymptotically. 
7..1.2 Vibration of beam with one end clamped and the other elastically restrained
In this section, we shall consider the vibration problem of beams with clamped-elastically-restrained ends as shown in Figure 5 . By using the governing eq. 45 and boundary conditions (24) for the ENBM, Approach 1 furnishes a variation of Eringen's small length scale coefficient e 0 with respect to spring stiffnesses. However, in the special case of a cantilever, e 0 could not be calibrated as the vibration frequency parameter does not show any variation with respect to the internal characteristic length of the ENBM. This problem is due to the nonself-adjointness of Eringen's model as discussed in Ref [30] . To remedy this problem, the general boundary conditions (in eq. 24) have to be modified as
By substituting the general solution (22) into these four boundary conditions (33), we obtain the revised four homogeneous equations which may be expressed as
By setting the determinant of the above coefficient matrix to zero and solving the characteristic equation, one obtains multiple solutions of vibration frequencies of the nonlocal Euler beam with no axial load and rotational springs K ra , K rb and lateral springs K la , K lb .
Consider the beam with its left end clamped and right end elastically restrained as shown in Figure 5 . Figure   9 shows sample dimensionless fundamental frequency parameters Ω 1 = 1 √ 4 / of the DBM with n = 100 for various rotational spring stiffnesses K rb and lateral spring stiffnesses K lb at the right end. To calibrate Eringen's small length scale coefficient e 0 , we shall match the fundamental frequency obtained by solving eq. 26 of the DBM with that obtained by solving eq. 75 of the ENBM. Table 2 presents some sample values of e 0 calibrated from Approach 1 for free vibrating (α = 0) of clamped-elastically-restrained ENBM. It is worth noting that the end stiffnesses K rb = 10 4 , K lb = 160 lead to a maximum value of e 0 = 0.989 and K rb = 10 -3 , K lb = 3 lead to a minimum value of e 0 = 0.580 as shown in Table 2 . It can be seen that the variation of e 0 depends on the end spring stiffnesses K rb and K lb . The relationship between e 0 and K rb , K lb is shown graphically in Figure  10 . If one adopts Approach 1, it is found that e 0 varies from 0.580 to 0.989 for vibration problem of clampedelastically-restrained ENBM depending on the spring stiffnesses. Apparently, this result contradicts that 0 = 1/ √ 6 ≈ 0.408 [8] for free vibration beam problems, irrespective of boundary conditions. Table 3 presents the values of e 0 calibrated from Approach 1 for vibrating of clamped-elastically-restrained ENBM subjected to an axial load α = π 2 /8. It is interesting to find that the presence of axial load will decrease the value of e 0 . Similar to the free vibration problem, the increase of the rotational spring stiffness K rb leads to a monotonous increase of e 0 . Figure 11 shows the excellent agreement of fundamental frequency parameters obtained from the DBM and ENBM with the listed values of e 0 for different boundary conditions. It can also be seen that the fundamental frequency parameter increases monotonically with respect to the number of segments n and asymptotes to the fundamental frequency value of the local Euler column. 
7..2 Approach 2 -keep e 0 constant and use the discrete system as reference system
As discussed in Ref. [15] , Approach 2 furnishes a more meaningful physical solution because Eringen's small length scale coefficient e 0 has already been analytically proven to be a constant value for the buckling problem irrespective of the boundary conditions. If we choose to keep e 0 constant and match the buckling loads or fundamental frequencies between the DBM and the ENBM, we need to adopt the discrete system as the reference system and the modified boundary conditions for the ENBM as argued by Challamel et al. [7, 30] and Zhang et al. [31] .
The modified boundary conditions for the ENBM should take the similar form as the discrete boundary conditions in eq. 5 but in a continualized sense given by
7..2.1 Buckling ENBM
Consider first the buckling problem. The governing equation is given by eq. 62 and modified boundary conditions by eq. 36. The substitution of the general solution (28) of ENBM into the four boundary conditions (36) yields four homogeneous equations which may be expressed in a matrix form as follows
By allowing the determinant of the coefficient matrix in eq. 88 to vanish and solving the characteristic equation for the lowest positive root, one obtains the buckling load of the ENBM with rotational spring constants K ra , K rb and lateral spring constants K la , K lb . Note that the coefficient matrix in eq. 88 is very similar to that in eq. 40 in Section 5. However, the third column of the coefficient matrix in eq. 40 is n times of that in eq. 88. Therefore the determinant of the former is n times of the latter. Since the buckling load is calculated by setting the determinant to be zero, the buckling load obtained by these two approaches should be the same provided that
In view of eq. 93, eq. 35 becomes
By using trigonometric relations, one obtains
An asymptotic expansion shows that
The analytical solution for the small length scale coefficient e 0 can be obtained by comparing eqs. 96 and 64 and using Pade's approximation, thereby furnishing
Equation 97 applies for all boundary conditions for the buckling problem because only the characteristic equations are used in the foregoing derivation. However, it is necessary that n should be sufficiently large so as to make the solution accurate. For simply-supported beams, Challamel et al. [6] have already obtained the same small length scale coefficient 0 = 1/ √ 12 by making use of the analytical buckling solution. Table 4 presents the calibrated Eringen's small length scale coefficients e 0 for buckling problems obtained from Approach 1 and Approach 2. As discussed above, n should be adequately large so that one can obtain the accurate e 0 by using the curve fitting method. 
Boundary conditions
Small length scale coefficient e 0 Approach 1 Approach 2
0.419 0.289
7..2.2 Vibrating ENBM
Next, we consider the vibration problem of ENBM. The governing equation of motion is given by eq. 45 and the boundary conditions by eq. 36. By substituting the general solution (22) of ENBM into the four boundary conditions (36), the following four homogeneous equations may be expressed as
By setting the determinant of the coefficient matrix in eq. 98 to zero and solving the characteristic equation for its roots, one obtains the natural frequencies of the ENBM with springs K ra , K rb , K la and K lb . In order to match the natural frequencies of the DBM with those of ENBM (i. e., by comparing eqs. 98 and 26), we have
In view of eq. 46, for purely free vibration problem (α = 0), eq. 21 could be expressed as
By using trigonometric relations, we obtain
For free vibration, eq. 48 becomes
By substituting eq. 111 into eq. 112 and using Pade's approximation, one obtains
Equation 113 applies for all boundary conditions and vibration modes because only the characteristic equations are used in the foregoing derivation. There is also a condition that n should be sufficiently large in order to get accurate value of e 0 . For simply-supported beams, Wang et al. [9] have derived the analytical solution for the small length scale coefficient 0 = √ For vibrating beams under an axial compressive load that is equal to the buckling load, the fundamental frequency of the ENBM becomes zero, i. e., = and Ω 1 = 0. For this case, to match the fundamental frequency of the DBM with that of ENBM (i. e., by comparing eqs. 98 and 26), eqs. 107 and 108 should also be satisfied.
However, for vibrating beam under buckling load, eq. 21 becomes
For vibrating beam under buckling load, eq. 48 becomes
By substituting eq. 116 into eq. 117, one obtains
Equation 118 applies for buckling of beams with all boundary conditions. There is also a condition that n should be sufficiently large to ensure that e 0 is accurate. Table 5 presents the calibrated Eringen's small length scale coefficients e 0 for vibration problems of beams with different boundary conditions obtained from Approach 1 and Approach 2. Note that the boundary conditions in Table 5 are the same as those in Table 4 . It can be seen that Approach 2 gives a constant e 0 for free vibration problem, irrespective to the boundary conditions, which agrees with the finding by Challamel et al. [8] . However, the value of e 0 is dependent on the axial load for both Approach 1 and Approach 2. This may imply that the presence of axial compressive load reduces the rigidity of the beam so that the e 0 value changed. 
Upper limit of applying Eringen's nonlocal theory
As is known, the Eringen's nonlocal theory was proposed to account for the small scale length effect. Naturally, one may question that what is the upper limit of the length of nanobeam that Eringen's nonlocal theory could apply? Taking pinned-pinned end restraints as an example, from Wang et al. [32] , we have the ratio between the buckling load of the nanobeam and that of the classical or local Euler-Bernoulli beam given by
where P N is the buckling load of the nanobeam and P E the buckling load of the classical Euler beam. From Wang et al. [16] , the ratio between the free vibration frequency of the pinned-pinned nanobeam and that of the classical or local Euler-Bernoulli beam is expressed as
where ω N is the vibration frequency of the nanobeam and ω E the vibration frequency of the classical Euler beam.
As discussed in Section 7..2, 0 = 1/ √ 12 for buckling problem and 0 = 1/ √ 6 for purely free vibration problem. For pinned-pinned Euler beam, the buckling load parameter 2 / = 2 [29] and the vibration frequency parameter √ 4 / = ( ) 2 where λ is the mode number [19] . Here we consider single-walled carbon nanotube (CNT) and single-walled silicon nanotube (SNT) and the characteristic lengths or bond lengths are taken as a CNT = 0.142nm [33] and a SNT = 0.225 nm [34] . Figure 12 shows the buckling load ratios of CNT and SNT of different lengths. It can be seen that when the length of the nanobeam is larger than 9nm, the buckling results obtained from the nonlocal theory are nearly the same as the results obtained from the local theory. Besides, nanobeam of material with larger bond length (i. e., SNT) has lower buckling load and converges to the local Euler beam slower. Therefore, nonlocal theory could accommodate material with larger bond length better.
Figure 12
Buckling load ratios of CNT and SNT of different lengths. Figure 13 shows the first to fourth mode free vibration frequency ratios of CNT and SNT of different lengths. As shown in the figure, the upper limit of the length of nanobeam increases as the vibration mode number increases. Specifically, the upper limit of the length is about 9nm for the first mode, 11nm for the second mode, 12nm for the third mode and 14nm for the fourth mode. Therefore, nonlocal theory has a good applicability on material of larger bond length and nanobeam on a higher vibration mode. 
Concluding remarks
On the basis of the formulation of DBM, the Eringen's small length scale coefficient e 0 is calibrated for buckling and vibration problems of ENBMs with elastically restrained ends. In Approach 1, where the nonlocal continuous boundary conditions are applied, e 0 has to vary so as to obtain the matching of the eigenvalues between the DBM and ENBM. On the other hand, by using Approach 2 where the local continualized discrete boundary conditions are applied instead of the continuous version (i. e., eq. 36 instead of eq. 24), e 0 can remain a constant value. In Approach 2, the analytical solutions of e 0 are obtained, with 0 = 1/ √ 12 for buckling problem and 0 = 1/ √ 6 for purely free vibration problem of beams with any boundary conditions. However, both Approach 1 and Approach 2 show that e 0 takes on different values for vibrating beams in presence of axial load. It appears that Approach 2 produces a more sensible value of e 0 than Approach 1 and therefore it is recommended for the calibration of Eringen's small length scale coefficient e 0 of ENBM.
The upper limit of the length of nanobeam that Eringen's nonlocal theory could apply is also investigated herein. It is found that when the bond length of material is larger and the vibration mode is higher, nonlocal theory has a better applicability on analyzing the nanobeams than the local theory.
